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ABSTRACT
Using techniques of Gitik in conjunction with a large cardinal hypothesis
whose consistency strength is strictly in between that of a supercompact
and an almost huge cardinal, we obtain the relative consistency of the
theory “ZF + —~AC, + £ > w is measurable iff x is the successor of a
singular cardinal”.

It is well known that when the Axiom of Choice (AC) becomes false, the structure
of the set theoretic universe can be radically altered. As an example, R; can be
singular [L}. Indeed, all uncountable successor and limit cardinals can be singular
[G1], or in fact, any desired uncountable successor cardinal, along with all limit
cardinals, can be singular [G2].

The bizarre behavior of the set theoretic universe in the absence of AC ex-
tends to large cardinals as well. Large cardinals such as Ramsey and measurable
cardinals can be successor instead of limit cardinals (J1], [T], [A3], [A4], [A5],
[AH]. It is even possible to have non-vacuously the consistency of the theory
“ZF +-AC, + £k > w is regular iff « is measurable” [Al].

The purpose of this paper is to show that yet more unusual possibilities for
the structure of the class of measurable cardinals without the Axiom of Choice
can occur. It was shown in [A4], [A5], and [AH] that it is possible to force and
obtain a model in which the successor of a singular cardinal is measurable. (See
[K] for a discussion of this result in the context of the Axiom of Determinacy
(AD).) We generalize this result in the spirit of [A1] to show the consistency of
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the theory “ZF +-AC,, + £ > w is measurable iff « is the successor of a singular
cardinal” relative to a certain large cardinal assumption. Specifically, we prove

the following

THEOREM: Let V |= “ZFC+ There is a cardinal kg so that:
1. Kg is superstrong via j, i.e., there is a j: V — M with crit(j) = ko so that
Viwo) € M.
2. Ko is < j(ko) supercompact, i.e., for all a < kg, ko is a supercompact.
3. The inner model M is so that Vj(cs4+1) C M, where «j is the least cardinal
> Ko which is < j(ko) supercompact”.

Let, in addition, A, B C ko, A, B € V satisfy the following properties:

a. ANB=0and AUB = k.

b. If A < K¢ is a limit ordinal, then ) € A.

c. fveA thenv+1l,v+2€ B.

There is then a sequence {a, : v < xo) and a model N4 of height o for the
theory “ZF + ~AC,+ The cardinal v is singular iff v = a, for somev € A +
Forallv € A, v* = o} is measurable and carries a normal measure + If 7 is not

the successor of a singular cardinal, then v isn’t measurable”.

Note that the conditions on A and B imply that B is composed entirely of
successor ordinals < xp and that the final model N4 will satisfy “x is measur-
able iff & is the successor of a singular cardinal”. Since N4 | ~AC,, i.e., since
N4 ¥ DC, the fact that each measurable cardinal carries a normal measure is
significant. Note further that if x is an almost huge cardinal, i.e., if there is a
j: V = M with crit(j) = & so that M<i(®) C M, then x possesses properties
(1)-(3) above, and as shown in [A2], x has a normal measure concentrating on
cardinals satisfying properties (1)-(3) above. Thus, the £ used in the construc-
tion of the model N4 is strictly weaker in consistency strength than an almost
huge cardinal (and since k§ > &g is inaccessible, is strictly stronger in consistency
strength than a supercompact cardinal).

Turning now to our proof, the proof of the Theorem uses Gitik’s techniques
of [G2] (see also [Al], [A2], and [A3]) to construct N4. To begin, if V satisfies
the hypotheses of the Theorem, let A, B, ko, and j: V — M be as in these
hypotheses. The first step in the proof is to define a Radin sequence of measures
Pext = (Ha: @ < kT) of length k7 over Py, (s}). Specifically, if a = 0, pq is
defined by X € pq iff (j(B): B < «§) € j(X), and if & > 0, pq is defined by
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X € po iff (ug: B < a) =4t p<a € j(X). Asin [A2], properties (1) and (3) above
ensure that this definition makes sense.

Next, using wdr We let R ot be supercompact Radin forcing defined over
Vo X Px,(53). The particulars of the definition can be found in [G2] and [A3];
however, in the interest of completeness and clarity, we repeat the definition here.

R

<x} is composed of all finite sequences of the form

((Po, Uy, CO)): ) (pn’un,Cn), (,U<~3-,C))

satisfying the following properties:
1. For 0 <i < j <n,p; ¢ pj, where for p,g € Pc,(k}), p C gmeanspCgq
and p < ¢ N k. (P is the order type of p.)
2. For 0 <1 < n, pi NKp is a < ko supercompact cardinal.
3. p; is the least cardinal > p; N ky which is a < K¢ supercompact cardinal.
In analogy to our earlier notation and the notation of [G2], we write p; =
(pi N Ko)*.
4. For 0 <7 < n, u; is a Radin sequence of measures over Vy,nx, X Ppinno (i)
where (u;),, the 0'* coordinate of u;, is a supercompact measure over
P piﬂleo(lTi_ )
5. C; is a sequence of measure 1 sets for u;.
6. C is a sequence of measure 1 sets for u it
7. For each p € (C),, where (C), is the coordinate of C so that (C), € po,
Ulopi C p-
8. Foreachp € (C)y, P = (pN ko)" and pNky is a < Ko supercompact cardinal.
Properties (4), (5), and (6) are all standard properties of Radin forcing. Prop-
erties (1), (2), (3), (7), and (8) all follow since properties (1)-(3) of ko of the
hypotheses of the Theorem imply M = “kg is < j(ko) supercompact and «j
is the least cardinal > ko which is < j(xg) supercompact”, so by reflection,
{p € P« (k3): pN Kg is & < Ko supercompact cardinal and P is the least < kq
supercompact cardinal > pNke} € po.
We recall now the definition of the ordering on R e It

mg = {{po, ug, Co),.-- ,(p,,,u,,,Cn),(u“g-,C)) and
™= <(q0’vO’D0)7-"7(qmavmaDM>’(,u,‘g'7D)>1

then m; extends mp iff the following conditions hold:
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1. For each (p;, u;, C;) which appears in 7o there is a (g;,v;, D;) which appears

in 7y so that (g;,v;) = (pj,u;) and D; C Cj, i.e., for each coordinate (D;),,

and (Cj)ys (Di)y € (Cj)g-

2. DCC.
3. n<m.
4. If (gi,vi, D;) does not appear in 7, let (p;,u;,C;) (or {Bext>C)) be the
first element of 7y so that p; N kg > ¢i N k. Then
a) ¢; is order isomorphic to some ¢ € (Cj),.
b) There exists an a < ag, where ag is the length of uj, so that v; is
isomorphic “in a natural way” to an ultrafilter sequence v € (Cj),.
c) For f the length of v;, there is a function f: fy — ap so that for
B < Ba, (Di) g is a set of ultrafilter sequences so that for some subset
(Dy) ﬂ' of (Cj) s gy €ach ultrafilter sequence in (D;), is isomorphic “in
a natural way” to an ultrafilter sequence in (D;) ﬂ'.

For further information on the definition of the ordering on R <x} (including
the meaning of “in a natural way”), readers are referred to [A3] and [FW].

Before giving the definition of the partial ordering used in the construction
of the model for our Theorem, we recall the definition of two key partial orderings.
If & < 8 are regular cardinals, then Col(e, < f) is just the usual Lévy collapse
of all cardinals in the interval (a, 8) to ¢, i.e., Colla, < B)={f:ax B o a: f
is a function so that |dom(f)| < a and f({¥,6)) < é} ordered by inclusion. For
o € (o, B) a regular cardinal, f € Col(a, < B), flo = {({(v,6),p) € f: § < o}
If G is V-generic over Col(a, < B), then Glo = {f|o: f € G} is V-generic over
{flo: f € Col(a, < B)} = Col{a, < B)|o = Col(a, < o).

If o is B supercompact, then let I be a normal measure over P,(f3) satis-
fying the Menas partition property [M]. (Such an ultrafilter will always exist if
is 28 supercompact, a restriction which will cause no problems since we will be
working with cardinals & < 8 < &g, so & can be chosen to be < &g supercom-
pact.) Supercompact Prikry forcing SC(a, ) is then defined as all sequences of
the form {py,...,pn,C) so that:
n€wand C €U.

For 0 <1 < n, p; € Po(P).
For0<i<j<n,p;C p;

W o

For each ¢ € C, pn C ¢.
For m1 = (pe,...,pn,C) and 72 = (qo,...,qm, D), T2 extends m iff:
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.n<m.
. For0<1ti<n,p=q.
.Forn+1<i<m,q€C.
.DcC.
We now define a partial ordering P' by

W N e

P'=R_4 % II Col(a, < B)

{{a,B8): a<B<xo are regular cardinals}

x I1 SC(e, B)

{{a,B8): a<B< ko is so that B is a regular cardinal and « is <xo supercompact}

ordered componentwise, and let P be the subordering of P’ consisting of all
conditions of finite support, also ordered componentwise. Let G be V-generic
over P. The model N4 for A as in the statement of the Theorem will be a
submodel of V[G] similar to the models N4 of [G2] and [A3]. We describe this
model in more detail below.

Let Gy be the projection of G onto R <x} For any condition

T= ((p()vu(h CO)v sy (Pm Un, C’n), OL("#’C)) € R<,‘g-

or any condition 7 = (pg,...,pn,C) € SC(a,B) call (py,...,pn) the p-part of
7. Let R = {p: Ir € Golp € p-part(n)]} and let R = {p: p€ Rand pisa
limit point of R}. We define three sets Ey, E,, and E; by Ey = {a: For some
m € Gy and some p €p-part(r), pN & = a}, E; = {a: a is a limit point of
Ep}, and E; = Ey U {w} U {8: Ja € Ei[B = a*]}. Let {a,: v < ko) be the
continuous increasing enumeration of Eq, and let v = v/ + n for some n € w. For
B where 8 € [0, a,41) in the first four cases, 8 € [a]}, a,41) in the fifth case,
and 8 = a,+1 in the last two cases, sets Cj(a,, ) and Ci(a},) are defined
according to specific conditions on v and +' in the following manner:

1.V =v #0and n = 0. Let then p(a,) be the element p of R so that
pNKe = ay, and let hy,,) @ play) — p(—_a; be the order isomorphism
between p(a,) and p(a,). Ci(aw,B) = {hpa,)"PNB:p € Ry, p C p(ay),
and ko, (8) € p}.

2. V' # v and n = 2k. Let C2(a,,B) = {hpa,)'PN B: p € R, and if (' # 0)
or (v/ =0and k > 1), then p(a,/43(k-1)) Cp C p(a,)}.

3. v # vandn =2k+ 1. Let G(a,,a,4+1) be the projection of G onto
SC(ay,ay41). C3(ay,B) = {pN B: I € G(ay, ay41)[p Ep-part(7)]}.
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4. n#0or v =n =0 Let H(a,,a,4+1) be the projection of G onto
Col(ay, < ay+1). Cy(a,,B) = H(a,.ay41)|B.

5. n # 0. Let H(a},a,41) be the projection of G onto Col(a},< a,41).
C5(at1ﬂ) = H(af’avﬂ)lﬂ-

6. n#0or v =n =0. With H(a,, a,4;) having the same meaning as in (4)
above, Cs(ay,ay+1) = H(ay,ap41).

7. n # 0. With H(a}, ,41) having the same meaning as in (5) above,

07(0‘1-’ al’+1) = H(a,‘f, av+l)'

We can now give a description of the model N4 witnessing the conclusions
of our Theorem. Intuitively, N4 is V, of the least model of ZF extending V
which contains, for 8 as above, Ci(a,, ) if v is a limit ordinal, Cy(a,, ) if
v=v' +2kand v € 4, Cs{a,,f)ifv=0v +2k+1and v € A, Cyfa,,p) if
v € B v+1€ A, and for v — 1 the immediate predecessor of v (which exists
since B is composed entirely of successor ordinals), » — 1 € B U {0}, Cs(a}, )
fveB,v+le A andv—-1¢€ A, Co(ay,a,41) fv—1v,v+1€ BU{0},
and C7(a}t,a,41) f v,v+1 € B and v — 1 € A. The C; have been chosen so as
to ensure that successors of singular cardinals are measurable and successors of
regular cardinals are non-measurable.

To define N4 more precisely, it is necessary to define canonical names a,
for the a,’s and canonical names Ci(v, ) and Ci(v,v + 1) for the seven sets
just described. Recall that it is possible to decide p(a,) (and hence p(a,)) by

writing w + v = w - ng +w” *ny + - + w’™ -0y, (Where gg > 07 > -0 > oy

are ordinals, ng,...,n, > 0 are integers, and +, -, and exponentiation are as
in ordinal arithmetic), letting ® = ((Pijis %iji» Ciii)icm1<ji <ni? Bt ©)) be 50
that min(pi; N no,wle“sth(““)) = o; and length(u;j,) = min(pi; N ko, length(u;;))
for 1 < j; < n;, and letting p(@,) be pmn,,. Further, D, = {r € P: r|R<K3L
extends a condition 7 of the above form} is a dense open subset of P. a, is the
name of the «, determined by any element of D, N G; in the notation of {G2],
ay = {(r,&,(r)): r € D, }, where a,(r) is the &, determined by the condition r.

The canonical names C;(v, ) and Ci(v,v + 1) are defined in a manner so

as to be invariant under the appropriate group of automorphisms. Specifically,
there are seven cases to consider. We again write ¥ = v'+n and let § be as before.
We also assume without loss of generality that as in [G2], ay4 is determined by
D,. Further, we adopt throughout each of the seven cases the notation of [G2].
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1./ #v#0andn =0. Ci(y,f) = {(r,(r'|R<K:)|(a,,(r),ﬂ)): r € D},
where forr € P, 7 =
r|R et Tl(aw(r), B) = {hp(a,)n)"'p N B: p €p-part(m), p C pla)(r), p €
Ry|w, and h;(lav)(r)(ﬂ) €p.

2. v € A, V' # v, and n = 2k. Note that as in [G2] we can assume without
loss of generality that for any r € D,, r determines a4 3(1-1). C2(v,8) =
{{r, (7"|R<K:)|(a,,(r), B)): r € D,}, where this time for r € P, 7 = r|R<x°+,
ml(aw(r), B) = {hp(ay)(r)np N B: p €p-part(m), p € Rlm, plawr42(-1))(r) C
p C p(a,)(r), and h;(lav)(r)(ﬂ) € p}.

3. veA vV #v,andn=2k+1.

Cay(1, 8) = {(r, (FISC(aw(r), w41 (r))(@u(r), B)): r € D, },

where for r € P, m = r|SC(a(r), aw41(r)), 7|(eu(r),8) = {pN B: p €p-
part(r)}.
4. v-1€BU{0},veB,andv+1€A.

Ca(1y B) = {(r, (F|Col(a(r), cv41(r)))IB): r € D, }.

5. v € B,v-1,v+1 € A. Cs(v, 8) = {{r,(F|Col(a} (1), ay+1(r)))|B): r € D, }.
6. v—1,v,v+1€ BU{0}. Ce(v,v +1) = {(r,(F|Col(a,(r),ar41(r)))): r €
- D,}.
7. vyv+l€ Bandv-1€ A. Cy(v,v+1) = {{r,(F|Col(a} (r),ar+1(r)))): T €
D,}.
As in [G2], since for any r,r' € D, NG, p(a,)(r) = p(a,)(r'), each of the
definitions above is unambiguous.

Let G be the group of automorphisms of [G2], and let

5
(@) = | J{(n(CimB)):m€G, 0<v<ko,
i=1
and 8 € [v,%) is a cardinal} U U:=6{1r(C.-(u,u+1)): Te€Gand 0 < v <
ro}. C(G) = Ui {ia(r(Ci(v,8))): * € G, 0 < v < Ky, and B € [v,50) is a
cardinal} U J_¢{ia(x(Ci(v,¥ +1))): 7 € G and 0 < v < Ko} = ig(C(G)). Na
is then the set of all sets of rank < kg of the model consisting of all sets which
are hereditarily V definable from C(G), i.e., Ns = VKI:VD(C(G)).
The arguments of {G2] show that Ny = ZF + -AC,,. In addition, we
know that for any ordinal v and any set z C v,z € Na, z = {a < 1: V[G]
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(o, ig(m(Ci, (v1,$1)))s - -« yi6(mn(Ci, (Vn, Bn))), C(G))}, where i; is an integer,
1<j<n,1<4; L7 each m; € G, each f; is an appropriate ordinal for i,

and ¢(zg,...,Znt1) is a formula which may also contain some parameters from
V which we shall suppress.
Let
P= II Col(a,, B;) x II Col(a, 8;)

{i;: i;€{4,6},j<n} {ij:i;€{5,7},i<n}

< ]I SC(ay;,B;) X Rt

{i;: i;=3,5<n}

For = € R<x: and 7 an arbitrary ordinal, let 7}y = {{g,u,C) € m: ¢N ko < 7},
andforpe P,p=(p1,...,pm,T),m<n, 7€ R<~:, let ply = {q15-- - » gm, 7|7,
where g; = p; if either a,,; or aj}. is < 4 and ¢; = @ otherwise. In other words,
ply is the part of p below or at v. Without loss of generality, we ignore the empty
coordinates and let Ply = {p|y: p € P}. Let G|y be the projection of G onto
Ply. An analogous fact to Theorem 3.2.11 of [G2] holds, using the same proof as
in [G2], namely for any = C v, z € V[G|v]. In addition, the elements of Py can
be partitioned into equivalence classes (the “almost similar” equivalence classes
of [G2]) with respect to Cj,(v1,61),...,Ci,(Vn,Bn) so that if ¢ < v, 7 is a term

for z, and p IF ¢ € 7, for any ¢ in the same equivalence class as p, gl 0 € 7.

Further, if v € A, then the arguments of [G2] show that for v = a4 there are
< ay41 such equivalence classes. It is this last fact, in tandem with the way in
which N4 was defined, that allows us to show that N4 is our desired model.

LEMMA 1: N4 = “y is a singular cardinal” iff ¥y = @, for some v € A.

Proof of Lemma 1: In order to prove this lemma, we must first ascertain the
nature of the cardinal structure of N4. Specifically, we show that all (well-
ordered) cardinals of N4 are either an a, or an (aj’)v ifv=0+1lando € A
Thus, we begin by showing that any v for y =, or v = (a',!’)v ifr=0+1and
o € A remains a cardinal in Ng4.

Let v be as just stated. If £ C 4, ¢ € N4, then as mentioned before,
z € V[G|y] where G|y is V-generic over P|y for P|y, G|y as previously described.
Thus, it suffices to show that 4 remains a cardinal in V{G|y]. To see this, observe
that we can write P|y as Qo x @1, where Q) is a partial ordering (possibly trivial)
defined over v and some ordinal 8 > v, and @, is the rest of P|y. Since by the
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definition of N4, Qg will be either trivial (if ¥ = a, and v — 1 € A), a partial
ordering of the form Col(y, < ), a partial ordering of the form SC(y, ), or a
supercompact Radin forcing defined over P,(f) isomorphic to a partial ordering
of the form SC(v, §), forcing with Qo will preserve the fact that v is a cardinal
and preserve the same bounded subsets of v as in V. Working now in V@, we
can factor ; as @2 X Q3, where @; is a partial ordering defined over ordinals
4! < B' < v and Q3 is the rest of Q;. The fact that P|y is a finite product allows
us to assume that o' and 8’ are the maximum such ordinals. Further, the fact
that V and V9 have the same bounded subsets of 4 ensures that Q; can be
partitioned into < 7 almost similar equivalence classes in both V and V9¢ unless
Q2 is of the form Col(y’,< «v). In this case, the definition of N4 ensures that
V@ k= “y is a regular cardinal”, so forcing over V?° with @, preserves the fact
that + is a regular cardinal; further, V90*@2 |= “Q; can be partitioned into < v
almost similar equivalence classes”. Thus, in either case, since G|y is V-generic
over Ply = Qo x Q1 = Qo x Q2 x @3, V[G|Y] = “v is a cardinal”.

Let now (f,: ¥ < ko) be the continuous increasing enumeration of {a,: v <
Ko} U {(aj‘)vz v=0+1and 06 € A}. As in [G2], by the fact that the def-
inition of N4 ensures that N4 contains collapse maps for each V cardinal in
the interval (8., 8,+1) where v < Ky is arbitrary, it is inductively the case that
Na E “Vy[B, < N,]7. Since each B, is a cardinal in N4, N4 | “Vv[8, = R,]".
Thus, the 8,’s and the cardinals of N4 coincide.

If ¥ = a, for some v € A, then since the definition of N4 ensures that N4
contains a cofinal w sequence for a,, N4 = “a, is a singular cardinal”. If 7 # «a,
for some v € A and N4 | “v is a cardinal”, then by the preceding paragraph,
either y = a, for v € Bor v = (aj’)v for v = o+ 1 and 0 € A. No matter
which of these were true, if # € N4 coded a sequence witnessing the singularity
of 4, then z € V[G|y] for G|y as earlier. When factoring Py into Q¢ x Q1, since
this case ensures Qp must be a Lévy collapse, V9° |= “y is regular”. Further,
when factoring @ into @2 x @3, since our earlier discussion shows either @3 is
of the form Col(y',< #) or is so that V9 k= “Q; can be partitioned into < v
almost similar equivalence classes”, V@ %@z = “y is regular”. Therefore, since
VQoXQ2 = “Q, can be partitioned into < v almost similar equivalence classes”
and G|y is V-generic over Qo X @2 X @3, V[G|y] | “v is regular”. Thus, z cannot

code a sequence witnessing the singularity of 4. This proves Lemma 1. |

LEMMA 2: If Ny | “y is the successor of a singular cardinal”, then N4 |= “y is
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measurable via some normal measure”.

Proof of Lemma 2: By Lemma 1, for any + as in the hypotheses, N4 = “y = a”
where v € A. Further, the definition of N4 ensures that v = ay41.

Fix g € V a normal measure over 7. In N4, define p* = {y C v: y
contains a p measure 1 set}. We show N4 |= “u* is a normal measure over v”. If
z C~, z € Ny, then = € V[G|y] for G|y V-generic over Ply, Py, G|y as before.
Further, as mentioned in the sentences immediately preceding the statement of
Lemma 1, the elements of P|y can be partitioned into < a,4+; many almost
similar equivalence classes so that if p and ¢ are in the same equivalence class,
T is a term for z, and p decides “o € 77, then ¢ decides “o € 7”7 in the same
way. Thus, as in the proof of Lemma 1.3 of [A3], in V[G|y], the Lévy-Solovay
arguments [LS] show p' = {y C 4: y contains a y measure 1 set} is a normal
measure over 7. In particular, since z € V[G|y], either z or 4 — z will contain
a u measure 1 set. Further, if Ny | “(zg: 8 < § < v) is a sequence of p*
measure 1 sets”, then since (zg: § < § < 4) can be coded by a single z C v,
for the appropriate P}y and G|y, both z and (zs: 8 < § < v) are elements of
VI[Gly]. Thus, V[Gly] E “Ng<s zp € p'”, 50 Na = “Npes 5 € p*”. Finally,
if Ny = “f: 4 — 7 is a regressive function”, then since f can be coded by a set
of ordinals, f € V[G|y] for the appropriate P|y and G|y. Thus, V[G|7] = “f is
constant on a p' measure 1 set”, so N4 |= “f is constant on a y* measure 1 set”.
This proves Lemma 2. |

LEMMA 3: If N4 | “v is not the successor of a singular cardinal”, then N4 = “y

is not measurable”.

Proof of Lemma 3: By Lemma 1, for any v as in the hypotheses, either v =
(aj‘)v forv=0c+1and 0 € Aor~y = a, for some v € B so that v —1 € B.
Ify= (a,‘f)v, then since V |= AC, V contains a sequence of length (aj)v of
subsets of a,. Since V C Nj, this sequence is present in N4 also. It is well
known (see [J2], Lemma 27.2, p. 298) that if such a sequence exists, regardless
of whether AC is true, v can’t be measurable.

If v = a, for some v € B so that v—1 € B, then by the construction of N4,
N4 contains a set of the form Cg(ay-1,a,) or a set of the form C-,(a',f_l,a,,).
Since V[Cs(ay-1,a,)] € N4 or ViCi(e}_,,0,)] € Na, in eith%:r case, there
will be present in N4 a sequence of subsets of some smaller cardinal of length

a,. As in the last paragraph, the presence of such a sequence contradicts the
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measurability of «y. This proves Lemma 3. |
The above three lemmas complete the proof of our Theorem. 1

Let us observe that the current state of forcing technology requires that if
N4 E “a, is measurable”, then N4 = “a} is regular” (and of course, by our
requirements, is non-measurable). If we wanted to have N4 = “a, is measurable
and o is singular”, then there would have to be some way to collapse a singular
cardinal to be the successor of a measurable cardinal < while preserving the
measurability of k. Unless & is to become Ry (see [Al]), it is unknown how
to do this. It is for this reason we require that N, contains sets of the form
Cs(a},B) and Cr(a],a,41), since their presence provides enough of a “gap”
to ensure that @, remains measurable in N4. More specifically, their presence
ensures that in the analogue to Theorem 3.2.11 of [G2], since the @y of Lemma 1
is trivial, the partial ordering P|a, can be partitioned into < a, almost similar
equivalence classes, the V-measurable cardinal which becomes at_l in N4. This,
as just shown, allows o, to remain measurable in N4 while preserving (aj’)v as
a regular cardinal.

In conclusion, we remark that from a weaker hypothesis than that assumed
for our Theorem, i.e., from a cardinal g so that g is 2* supercompact for A >
measurable, it is possible to construct a model for the theory “ZF+-AC,+« > w
is measurable iff « is the successor of a singular cardinal”. In this model, all
limit cardinals will be singular and all successor cardinals will be regular, so the
only measurable cardinals will be successors of limit cardinals. Thus, there is
somewhat less flexibility as to what cardinals can be singular. An outline of the
proof is as follows: If j: V — M witnesses that ¢ is 2* supercompact for A > kg
measurable, let g in this case be the least measurable > ro, and let R xt 28
before be supercompact Radin forcing over Py,(«{) defined using j. (The fact

that kg is 2* supercompact ensures this definition can be given.) Let

P = R<N°+ X H Col(e, < B),

{{a,8): a<B<xo are regular cardinals}

and let P be the subordering consisting of all conditions of finite support. For
{ay: v < Kp) as before, let Ng be Vj, of the least model of ZF extending V
which contains the appropriate analogues of the sets Ci(a,,8) if v < kg is a
limit ordinal and 8 € [ay,av+1), Cr(af,a,41) if v is the successor of a limit
ordinal, and Ce¢(a,,a,41) if v is neither a limit ordinal nor the successor of a
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limit ordinal. N4 can then be shown to be our desired model. Further, as the
referee has pointed out, the methods of this paper can be used to construct, from
the hypotheses of this paragraph, a model for the theory “ZF + -AC,, + For
every ordinal a, either Ry or Ro41 is measurable”, i.e., a model in which every
second cardinal is measurable.

[A1]
(A2]
[A3]
[A4]
(A5]
[AH]
(FW]
[G1]
(G2]
(J1]
[J2]
(K]
[L]
(LS]

M]

References

A. Apter, On a problem inspired by determinacy, Israel J. Math. 61 (1988),
256-270.

A. Apter, Some new upper bounds in consistency strength for certain choiceless
large cardinal patterns, Arkiv. fiir Math. Logik 31 (1992), 201-205.

A. Apter, Some results on consecutive large cardinals II: Applications of Radin
forcing, Israel J. Math. 52 (1985), 273-292.

A. Apter, Successors of singular cardinals and measurablity, Advances in Math.
55 (1985), 228-241.

A. Apter, Successors of singular cardinals and measurablity revisited, J. Symbolic
Logic 55 (1990), 492-501.

A. Apter and J. Henle, Relative consistency results via strong compactness, Fun-
damenta Mathematicae 139 (1991), 133-149.

M. Foreman and W. H. Woodin, The GCH can fail everywhere, Annals of Math.
133 (1991), 1-36.

M. Gitik, All uncountable cardinals can be singular, Israel J. Math. 35 (1980),
61-88.

M. Gitik, Regular cardinals in models ZF, Trans. Amer. Math. Soc. 290 (1985),
41-68.

T. Jech, w1 can be measurable, Israel J. Math. 6 (1968), 363-367.
T. Jech, Set Theory, Academic Press, 1978,

E. Kleinberg, Infinitary Combinatorics and the Axiom of Determinateness, Lec-
ture Notes in Mathematics 612, Springer—Verlag, 1977.

A. Lévy, Definability in Axiomatic Set Theory 1, in: Y. Bar-Hillel, ed., Logic,
Methodology, and the Philosophy of Science, North-Holland, 1965, pp. 127-151.
A. Lévy and R. Solovay, Measurable cardinals and the continuum hypothesis,
Israel J. Math. 5 (1967), 234-248.

T. Menas, A combinatorial property of Pi()), J. Symbolic Logic 41 (1976),
225-233.



Vol. 79, 1992 MEASURABLE CARDINALS 379

[T] G. Takeuti, A Relativization of Strong Axioms of Infinity to w1, Annals Japanese
Assoc. Phil. Sci. 3 (1970), 191-204.



